The realization of cross-Kerr nonlinearity is an important task for many applications in quantum information processing. In this work, we propose a method for realizing cross-Kerr nonlinearity interaction between two superconducting coplanar waveguide resonators coupled by a three-level superconducting flux qutrit (coupler). By employing the qutrit-resonator dispersive interaction, we derive an effective Hamiltonian involving two-photon number operators and a coupler operator. This Hamiltonian can be used to describe a cross-Kerr nonlinearity interaction between two resonators when the coupler is in the ground state. Because the coupler is unexcited during the entire process, the effect of coupler decoherence can be greatly minimized. More importantly, compared with the previous proposals, our proposal does not require classical pulses. Furthermore, due to use of only a three-level qutrit, the experimental setup is much simplified when compared with previous proposals requiring a four-level artificial atomic systems. Based on our Hamiltonian, we implement a two-resonator qubits controlled-phase gate and generate a two-resonator entangled coherent state. Numerical simulation shows that the high-fidelity implementation of the phase gate and creation of the entangled coherent state are feasible with current circuit QED technology.
I. INTRODUCTION
Circuit quantum electrodynamics (QED), consisting of microwave resonators and superconducting (SC) qubits, is an analogue of cavity QED and a well-established platform for the investigation of light-matter interaction at the quantum level [1] [2] [3] [4] . SC qubits are promising candidates to achieve scalable quantum computing and quantum information processing (QIP), especially with continuing improvements to coherence times [5] [6] [7] [8] [9] [10] [11] [12] [13] . Furthermore, improving the quality factor of SC resonators is a key development for QIP. For example, a SC coplanar waveguide resonators with a loaded quality factor Q ∼ 10 6 [14, 15] or with internal quality factors above one million (Q > 10 7 ) have been previously reported [16] . Recently, a SC microwave resonator with a loaded quality factor Q ∼ 3.5 × 10 7 has been demonstrated in experiments [17] . Combined with the large electric dipole moment of SC qubit, the strong-coupling or ultrastrongcoupling regime of a SC qubit with a resonator has been reported in experiments [18] [19] [20] [21] .
The microwave resonators have been considered as good memory elements in QIP [17, 22] . Based on circuit QED, there is much interest in large-scale QIP which usually involves two or more microwave resonators/cavities. Recently, a number of proposals have been presented for synthesizing entangled states (e.g., Bell states, GHZ states, NOON states, and entangled coherent states) of two or more than two resonators [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] , and real-the giant cross-Kerr effect for propagating microwaves [54] have been reported. In recent years, the cross-Kerr nonlinearity between two microwave resonators has been extensively researched in circuit QED [55] [56] [57] . For example, Refs. [55, 56] proposed a scheme for implementing cross-Kerr nonlinearity between two SC resonators via an N -type SC artificial atomic systems, and Ref. [57] experimentally demonstrated a state dependent shift between two microwave cavities via a cross-Kerr effect. The N -type four-level nature atoms was studied in Refs. [58] [59] [60] , and the Refs. [55, 56] extended it to the SC circuits which consists of two SC transmon qubits coupled by a SQUID (quantum interference device). The Hamiltonian for a cross-Kerr interaction between two resonators is given by (in units of = 1)
where χ ab is the coupling strength andn a (n b ) is the photon number operator of resonator a (b).
In this paper, we propose a method to realize a cross-Kerr nonlinearity interaction between two microwave resonators by coupling a three-level SC artificial atom [ Fig. 1(a) ]. This proposal has the following features and advantages: (i) Different from the previous works [55, 56] , in our scheme only one operational step is needed, only one single three-level qutrit is used, and no need to use classical pulses. Thus the operation and experimental setup are greatly simplified. (ii) Because resonator photons are virtually excited and the qutrit is unexcited during the entire process, the effect of resonator decay, the unwanted inter-resonator crosstalk, and the qutrit decoherence are greatly minimized. (iii) This proposal can be applied to accomplish the same task with various SC qutrits (e.g., SC charge qutrits, transmon qutrits, Xmon qutrits, phase qutrits) coupled to two 1D resonators or two 3D cavities. (iv) Numerical simulation shows that our cross-Kerr interaction Hamiltonian can be used to high-fidelity realize a two-resonator qubits controlled-phase gate and generate a two-resonator entangled coherent state. This paper is organized as follows. In Sec. II, we show how to realize a cross-Kerr interaction effect between two SC resonators in circuit QED. In Sec. III, we show how to use our effective Hamiltonian to construct a controlledphase gate on two resonators, and then discuss how to create a macroscopic entangled coherent state of two resonators. In Sec. IV, we discuss the possible experimental implementation of our proposal and numerically calculate the operational fidelity for realizing a controlled-phase gate and generating a entangled coherent state. A concluding summary is given in Sec. V.
II. CROSS-KERR NONLINEARITY EFFECT IN CIRCUIT QED
Consider a system consists of two SC coplanar waveguide resonators connected by a ladder-type SC flux qutrit (coupler) [ Fig. 1(a) ]. As shown in Fig. 1 (a,b) , resonator a (b) is off-resonantly coupled to the |g ↔ |e (|e ↔ |f ) transition of qutrit with a coupling constant g (µ). In the interaction picture, the Hamiltonian of the whole system can be written as (in units of = 1)
where σ + eg = |e g| and σ
is a positive detuning. Here, ω f e (ω eg ) is the |e ↔ |f (|g ↔ |e ) transition frequency of qutrit and ω a (ω b ) is the frequency of resonator a (b).
Consider the large-detuning conditions δ a ≫ g and δ b ≫ µ, the Hamiltonian (2) becomes [61] effective Hamiltonian (4) reduces to
with
δ an a |g g|,
wheren a andn b are the photon number operators for resonators a and b. When the qutrit is in the state |g , the Hamiltonian H 0 describes the photon-numberdependent shift of the resonator a, the Hamiltonian H i describes the cross-Kerr photon-photon interaction between the resonators a and b.
From Eq. (6), one can see that [H 0 , H i ] = 0, thus, we obtain the effective cross-Kerr interaction Hamiltonian
It should be noted that the Hamiltonian (7) is different from the well-known cross-Kerr Hamiltonian H χ = −χ abnanb describing the cross-Kerr interaction of two resonators with coefficient χ ab . It is because that the Hamiltonian (7) contains a coupler operator |g g| which is not involved in H χ . In the next section, we first show how to use the effective Hamiltonian (7) to construct a controlled-phase gate on two resonators, and then discuss how to use the effective Hamiltonian (7) to create a macroscopic entangled coherent state of two resonators.
III. CONTROLLED-PHASE GATE IMPLEMENTATION AND ENTANGLED-STATE PREPARATION
Assume that the resonator a (b) is in an arbitrary pure state |ϕ a (|ϕ b ) and the coupler is in the state |g . In this section, we first show how to use the Hamiltonian (5) or (7) to construct a two-qubit controlled-phase gate of two resonators a and b. We then discuss how to generate a macroscopic entangled coherent state for two resonators with Hamiltonian (5) or (7).
A. Controlled-phase gate on two resonators
Suppose that the resonators a and b are in an arbitrary superposition state, respectively. Assume that |ϕ a = α|0 a + β|1 a and |ϕ b = γ|0 b + δ|1 b . Here, α, β, γ, and δ are the normalized complex numbers; |0 a or |1 a (|0 b or |1 b ) represents the vacuum state or the single photon state of resonator a (b). The time-evolution operator for the Hamiltonian (5) is defined as U = exp [i(g 2 /δ a )n a t]⊗ exp(iχn anb t). Therefore, under the Hamiltonian (5), the resonator-system state |ϕ a |ϕ b evolves into
where θ = χ + (g 2 /δ a ). If we choose the interaction time t = π/|θ|, one can obtain a two-resonator qubits controlled-phase gate
where we have set (g 2 /|δ a |)t = 2kπ (k is a positive integer). For t = π/|θ| and (g 2 /|δ a |)t = 2kπ, one has the following relationship between the parameters
Notice that the effective coupling strength λ and the coupling strength µ can be adjusted by varying the detuning δ a or δ b . The level spacings of the SC "artificial atom" can be rapidly adjusted by varying external control parameters (e.g., magnetic flux applied to the superconducting loop of a superconducting phase, transmon, Xmon or flux qubit; see, e.g., [7, [62] [63] [64] ). The controlled-phase gate of Eq. (9) is one of the paradigmatic gates for quantum information and quantum computation. By using it with single-qubit gates, a set of universal gates can be constructed. Hitherto, a great deal of theoretical proposals have been presented for realizing two-qubit controlled-phase gate in many physical systems. In circuit QED, a two SC qubits controlled-phase gate has already been experimentally demonstrated [65] [66] [67] [68] . In addition, the controlled-phase gate with two microwave-photon-resonator qubits has been previously proposed in Refs. [35, 36] . The proposals [35, 36] require several operational steps and the application of classical pulses. Compared with Refs. [35, 36] , our proposal is much improved because our phase-gate can be achieved only using a single-step operation and no pulses are needed.
B. Creation of a two-resonator macroscopic entangled coherent state
Assume that the resonators a and b are in coherent states |ϕ a = |α a and |ϕ b = |β b , respectively. Under the Hamiltonian (7), the joint state |ϕ a |ϕ b of the resonators evolves into
When the evolution time is equal to t = π/χ, one has exp (iχn a n b t) = (−1) nan b . We divide the sum of Eq. (11) into a part with n a even and another with n a odd. It is apparent that an even/odd coherent state of |α a can be expressed as
On substituting Eqs. (12) and (13) into Eq. (11), one obtains a macroscopic entangled coherent state
After returning to the original interaction picture by performing a unitary transformation U = exp [i(g 2 /δ a )n a t], the entangled coherent state (14) becomes 
where β a = α a exp [ig 2 π/(χδ a )]. Note that the entangled coherent states have many applications in the field of quantum information. For instance, they can be used to construct quantum gates [69] (using coherent states as the logical qubits [70] ), implement quantum key distribution [71] , build quantum repeaters [72] , test violation of Bell inequalities [73, 74] , and applicant in quantum metrology [75] .
IV. POSSIBLE EXPERIMENTAL IMPLEMENTATION
When the inter-resonator crosstalk is taken into account, the Hamiltonian (2) becomes H I = H I + ǫ, where ǫ describes the unwanted inter-resonator crosstalk, given by ǫ = g ab (e i∆ ab t ab + + h.c.), with the inter-resonator crosstalk coupling strength g ab and the two-resonator frequency detuning ∆ ab = ω a − ω b .
Including the dissipation and the dephasing, the dynamics of the lossy system is determined by the following master equation (16) where H I is given above, σ
is the photon decay rate of resonator a (b). In addition, γ eg is the energy relaxation rate of the level |e of qutrit, γ f e (γ f g ) is the energy relaxation rate of the level |f of qutrit for the decay path |f → |e (|g ), and γ ϕj is the dephasing rate of the level |j of qutrit (j = e, f ).
The fidelity of the operation is given by
where |ψ id is the output state of an ideal system (i.e., without dissipation, dephasing, and crosstalk); while ρ is the final density operator of the system when the operation is performed in a realistic situation.
A. Fidelity for the two-resonator qubits controlled-phase gate
As an example, we will consider the case of α = β = γ = δ = 1/ √ 2. In this case, we have the qutrit-resonator-system initially state |ϕ a |ϕ b ⊗ |g = (1/2)(|0 a + |1 a )(|0 b + |1 b ) ⊗ |g and the output state |ψ id = |φ id ab ⊗ |g . Here, |φ id ab is given by
By solving the master equation (16), the fidelity of the gate operation can be calculated based on Eq (17) . We now numerically calculate the fidelity for the operation. The frequency of SC resonators typically is 1 to 10 GHz. Thus, we choose ω a /2π = 3.5 GHz and ω b /2π = 6.5 GHz such that ∆ ab = −3.0 GHz. We then choose δ a /2π = −0.3 GHz and g/2π = 50 MHz in our scheme. In the following, we set the inter-resonator crosstalk strength g ab = 0.1g, which can be readily met in experiments [28] . Furthermore, we set k=1, γ
f g = 10γ, and κ Fig. 2 shows the fidelity versus δ b /2π. Green squares are plotted by choosing γ = 10 µs and η = 20 µs, which correspond to the case that the systematic dissipation and dephasing are taken into account. Here we consider a rather conservative case for the decoherence times of flux qutrit [12, 13] . It is noted that by designing the flux qutrit, the |g ↔ |f dipole matrix element can be made much smaller than that of the |g ↔ |e and |e ↔ |f transitions. Thus, γ −1
f e . In addition, the leakage errors of a SC qutrit have been efficiently reduced in experiments [76] .
From Fig. 2 , one can see that for δ b /2π = 0.7 GHz, a high fidelity ∼99.4% is achievable for a two-resonator qubits controlled-phase gate. For δ b /2π = 0.7 GHz, one has µ/2π ∼ 342 MHz. The values of g and µ are readily available in experiments [21] . In addition, one can obtain ω eg /2π = 3.2 GHz and ω f e /2π = 7.2 GHz. The transition frequency between two neighbor levels of a SC flux qutrit is typically in the range of 1-30 GHz. With the above given parameters, we obtain the large cross-Kerr interaction coefficient χ ∼ 4.2 MHz. Our numerical simulation indicates that the high-fidelity implementation of a controlled-phase gate on two resonators is feasible with current circuit QED technology. As in Fig. 2 , the effect of the qutrit decoherence and resonator decay on the fidelity is very small with the current parameter values. To illustrate the effect of the dissipation and dephasing of the system, we employ shorter qutrit decoherence and resonator-decay times in Fig. 3 . {0.987, 0.7 µs, 4.0 µs}; and (v) {0.991, 1.0 µs, 5.0 µs}. Fig. 3 shows that for γ ∈ [0.1µs, 1µs] and η ∈ [1µs, 5µs], the fidelity can be greater than 94%. This is because the qutrit is unexcited and resonator photons are virtually excited during the entire process, qutrit decoherence and resonator decay can be efficiently suppressed.
For the resonator frequencies and the resonator-decay times used in the Fig. 2 , the required quality factors of the two resonators are Q a ∼ 4.4 × 10 5 and Q b ∼ 8.2 × 10 5 , which are attainable in experiments because a quality factor Q ∼ 10 6 for SC coplanar waveguide resonators have been experimentally demonstrated [14, 15] . For  Fig. 3 , the required quality factors for the resonators are Fig. 3 shows that the phase-gate operation also can be high-fidelity performed assisted by the low-Q resonators.
B. Fidelity for generation of a two-resonator entangled coherent state
The fidelity for the operation is calculated based on Eq (17) , where the ideal output state is |ψ id = |ϕ ⊗ |g and ρ is obtained by numerically solving the master equation (16) for an initial input state |ϕ a |ϕ b ⊗ |g = |α a |β b ⊗ |g . Here, state |ϕ is given by Eq. (15) .
We choose ω a /2π = 3.5 GHz, ω b /2π = 6.5 GHz, and δ a /2π = −1.0 GHz. We set g/2π = 150 MHz and µ/2π = 200 MHz because the coupling strengths of values g and µ are readily achievable in experiments [21] . In addition, we set γ = 0.1 µs and η = 5 µs. The qutrit decoherence and the resonator-decay times used here are referred to the Fig. 3 .
We now numerically calculate the fidelity for creation of the two-resonator entangled coherent state. In our numerical calculation, we consider the first m terms in the expansions of coherent states |α a (|β b ) and | − α a (|−β b ). Figure 4 shows the fidelity versus the normalized 
V. CONCLUSION
We have proposed a method for realizing the cross-Kerr nonlinear interaction between two microwave resonators induced by a superconducting flux qutrit. Our present proposal differs from the previous protocols [55, 56] . First, in our proposal only one qutrit is needed, thus the circuit complexity is much reduced. Second, there is only need one operation step and unnecessary to employ classical pulse, so the operation procedure is greatly simplified. Finally, due to the resonator photons are virtually excited and the coupler is unexcited for the entire process, the effect of resonator decay, the unwanted inter-resonator crosstalk, and the coupler decoherence are greatly minimized.
Although we assume that the cross-Kerr nonlinearity effect is performed between two SC coplanar waveguide resonators, using the three-level flux qutrit, our proposal can in principle also be applied to other solid devices, for example, the schemes based on other kinds of SC qutrits (e.g., SC charge qutrits, transmon qutrits, Xmon qutrits, phase qutrits) coupled to two 1D resonators or two 3D SC cavities, or based on the two nitrogen-vacancy center ensembles (behaves as two bosonic modes) coupled to a flux qutrit.
Based on our cross-Kerr interaction Hamiltonian, we implement a two-resonator qubits controlled-phase gate and generate a two-resonator entangled coherent state. Numerical simulation shows that the high-fidelity implementation of the phase gate and creation of the entangled coherent state are feasible with state-of-the-art circuit QED technology. Our finding provides a new way for realizing the cross-Kerr nonlinearity interaction between two microwave resonators, and such cross-Kerr effect may find applications in quantum information processing.
